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Abstract 

In this paper, we introduce and study a noncommutative extension of 
the Gross Laplacian, called quantum Gross Laplacian. Then, applying 
the quantum Gross Laplacian to the particular case where the operator 
is the multiplication operator, we find a relation between classical and 
quantum Gross Laplacian. As application, we give explicit solution of 
linear quantum white noise differential equation. In particular, we give a 
explicit solution of the quantum Gross heat equation. 
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1 Introduction 

The Gross Laplacian Aq was introduced by L. Gross in [6] in order to study 
differential equations in infinite dimensional spaces. It has been shown that the 
solution of the Cauchy problem 

^U(t) = ±A G U(t), U(0) = <p (1.1) 

is represented as an integral with respect to Gaussian measure, see [6] and |15j . 
There exists many literature dedicated to the Gross Laplacian with different 
points of view. We would like to mention the white noise analysis approach, 
see \7\ [10] and references therein. In [3] and [JJ, using the fact that the 
Gross Laplacian is a convolution operator, the authors applied Laplace trans- 
form techniques to solve the Cauchy problem JTTTJ. Moreover, for a smooth 
initial condition the solution is represented as an integral with respect to a 
Gaussian measure. 



The main purposes of this work are the following: one is to define and study 
the generalized Gross Laplacian acting on operators denoted A^. Another one 
is to solve linear quantum stochastic differential equations. In particular, we 
give explicit solutions of the quantum Gross heat equations. 

The paper is organized as follows. In section [21 we review from [9j basic 
concepts, definitions and results essential to know the space of test and general- 
ized functions denoted respectively 3 r (g ly 9 2 )(N' 1 x A^) and g 2 ^(N[ x N' 2 ). In 
section [HI we introduce and define the generalized Gross Laplacian A G on the 
space of entire functions with exponential growth of finite type in two infinite 
dimensional variables. Then, we prove in Theorem l3.21 that the Gross Laplacian 
is a convolution operator on the test functions space 3~(0 1 ,9 2 )(N[ x A^), i- e., 
there exists a distribution T 6 3 r *g 1 e 2 )(N[ x N 2 ), such that 

A G <^> = T *<p, ip e F(e u o 2 )(N{ x N' 2 ). (1.2) 

The relation (|1.2p permit to us to extend in natural way the Gross Laplacian 
applied to the distributions spaces 3 r *g 1 e 2 )0^i x -^2) as follows 

A G $ = T * $, $ G ^g u e 2 )(N{ x Nfi. (1.3) 

Using the Schwartz-Grothendieck Kernel Theorem and the definition 1 .3(1 . we 
introduce and study, in section^ the noncommutative extension of Gross Lapla- 
cian, denoted by A^, acting on C{T(g 1 g 2 )(N' 1 xN 2 ), J 7 * 6i e s (N{ XN2)) the space 
of continuous linear operators from T^ 1 g 2 ^{N' 1 x A^) into F* Sl g 2 )(N{ x A^), 
Then, we establish an analytic characterization of the quantum Gross Laplacian 
(see Proposition [331, i. e., for all 5 G £{T ( g u e 2) {N{ x N&Ffa^Ni x Nfi), 
we have 

<7(S)(&,6) = ((6,6>i + (6,6) 2 )<x(S)(6,6), (6,6) G Ni x N 2 , (1.4) 

where c(S) denoted the symbol of the operator 5. In section we study 
the action of the quantum Gross Laplacian to the multiplication operator M<s> 
defined in l|5.ip where $ G F* 0i g 2 \(N[ x A^), and we prove that: 

(a^M*) e = A G $, (1.5) 

where eo is the vacuum vector. Therefore, the equality l|1.5p establish a rela- 
tion between the classical and quantum Gross Laplacian. In section El we give 
in Theorem 16,2) the solution of the following quantum stochastic differential 
equation 

(is) { d ^ = m*m+m, (L6) 

where t 1— > Z{t) and t 1— > Q(t) are continuous operator valued process defined 
on an interval containing the origin I C M, i. e., 

Z:tel - z(t)eC(T ei (N[),T; 2 (N^)), 

e-.tei - e(t) g c(^ ei (N[),^ 2 (N^)) 

and the initial condition S G C(J r g 1 (N[),J r g 2 (N 2 )). As an application of The- 
orem 16.2). we give explicit solutions of the heat equation associated with the 
quantum Gross Laplacian. 
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2 Preliminaries 



For i = 1, 2, let Ni be a complex nuclear Frechet space whose topology is defined 
by a family of increasing Hilbertian norms {|.|j, p ,p € N}. For p € N, we denote 
by (Ni) the completion of N with respect to the norm |.|j iP and by (iV i ) i _ p 
respectively N- the strong dual space of (N) p and N. Then, we obtain 

Ni = projlim(A^i) and N[ = ind lim (N t )_ v . (2.1) 

p-+oo y p^oo p 

The spaces Ni and TV/ are respectively equipped with the projective and induc- 
tive limit topology. For all p € N, we denote by \-\i,- P the norm on (Ni) and 
by (., .)i the C-bilinear form on N[ x N. 

In the following, H denote the direct Hilbertian sum of (Ni) and (N 2 ) , i- 
e., H = (iVi)o © (JV 2 ) . 

For n € N, we denote by TV®" the n— fold symmetric tensor product on Ni 
equipped with the n— topology and by (N)f n the n— fold symmetric Hilbertian 
tensor product on (N) p . We will preserve the notation |.| ijP and |.|»,- p for the 
norms on (N)f n and (N)®™, respectively. 

Let 9 be a Young function, i. e., it is a continuous, convex and increas- 
ing function defined on R + and satisfies the two conditions: 9(0) = and 
9(x) 

lim = +oo. Obviously, the conjugate function 9* of 9 defined by 

Va;>0, 9*(x) :=sup(tx-6(t)), (2.2) 
t>o 

is also a Young function. For every n£N, let 

e 0(r) 

9 n = inf . (2.3) 

r>0 r n 

2.1 Spaces of entire functions with growth condition 

Throughout the paper, we fix a pair of Young functions (9\,9 2 ). For all pair 
of positive numbers ai,a 2 > and pair of integers (p,q) € N x N, we define 
the space of all entire functions on (Ni) x (N 2 )_ q with (9\, 9 2 )— exponential 
growth by 

Exp((N 1 )_ p x(N 2 )_ q ,(9 1 ,9 2 ),(a 1 ,a 2 )) = {/ e W(JVixiV 2 ); ||/|| (fll , fljl)i(oii0a) < ex.}, 

where H(N\ x N 2 ) is the space of all entire functions on N\ x N 2 and 

Wfke^Ua^) = S up{|/(z 1 ,z 2 )|e-^^l^l-)-^^^l-),(z 1 ,z 2 )e(JV 1 )_ p x(JV 2 )_,}. 

So, the space of all entire functions on (N\)_ p x (N 2 )_ q with (Q\, 9 2 )— exponential 
growth of minimal type is naturally defined by 

F {ei ,e 2) (N[ x N$ = ^limExp^)^ x (N 2 )_ q , (fc.fc), (a u a 2 )). (2.4) 

ai,a 2 i0 

Similarly, the space of entire functions on N± x N 2 with (#i, 9 2 )— exponential 
growth of finite type is defined by 

g { e u e 2 )(Ni x N 2 ) = indhm Exp^N^ x (N 2 ) q ,(9 1 ,9 2 ),(a u a 2 )). (2.5) 

ai,a2— »0 
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By definition, ip € F{e u e 2 ){N[ x Nfi and * £ S( Sl ,e 2 )(Ni x N 2 ) admit the 
Taylor expansions: 

<p(x, y)= ( x ® n ® ^ *W»>> (*> W) e ^ x ^2. (2-6) 

and 

n,m£N 

where for all n, m G N, we have ^ n>m G N^ n ®Nf m , * n , m G (iVf (Vf m )' 
and we used the common symbol ( . , . ) for the canonical C— bilinear form on 
(7Vf n x Nf m )' x Nf n x iVf"\ So, we identify in the next all test function 
if G F(o lt ea)[N{ x ^2) (resp. all generalized function * € G(e 1 ,e 2 )(N 1 x N 2 )) by 
their coefficients of its Taylor series expansion at the origin {f n ,m)n,m&i (resp. 
gn)- 

Denote by J 7 ^ i g 2 ){N[ x N 2 ) the topological dual of J r (e 1 ,e 2 )(N[ x N 2 ), called 
the space of distributions on N[ x N 2 . 

For a fixed (£,17) G N± x iV 2 , the exponential function G T^ 1 _g 2 ){N' l x 

N2) is defined by 

e K , n) (*,t) = eicp{<«,0i + <t,»7>a} ) (z,t) € N{ x N^. 
Then for every <!> G 9 \ x iVj), the Laplace transform L of $ is defined 

L*(f,t ? )=*(e > i J ) = «$,e ( f, Ij) )). (2.8) 

Theorem 2.1 [9] For i — 1,2, let 2Vj be complex nuclear Frechet space and 9i 
a Young function. Then, the Laplace transform L is a topological isomorphism: 

L ■■ F(Oi,o a )M x ^2) - Q{e u e 2 ){Nx x N 2 ). (2.9) 

Remark 2.1 In the particular case where 6\ = 6 2 = 0, N\ = N and N 2 = {0}. 
We obtain the following identification have 

T m (N' x {0}) = F e {N') 

and therefore 

So the space J r ig lt g 2 ){N' x N 2 ) can be considered as a generalization of the space 
Tg(N') studied in fjfl. 

2.2 Convolution operators 

Let (z, t) G N[xN 2 , the translation operator denoted T( z ,t) ls a linear continuous 
operator V z j) from J r w 1 ,$ 2 )(N[ x N' 2 ) into itself is defined by 

T(z,t)<p(x,v) =<f(x + z,y + t), (x,y) G iV{ x N' 2 . (2.10) 



4 



The convolution product of the distribution $ G J 7 * 8i g 2 ^(N[ x A^) with a 
test function tp G J r (g 1 ^ 2 }(N[ x A^) is defined as follows 

$*p(*,i) = «*,T ( , it) p)), (z,t)eJV{x^. (2.11) 

Hence, the convolution product of two distribution ^ € -T 7 ^ g 2 \(N{ x 
A^) is given by 

*77^ 2 = *i,* 2 e J7 0llfla) (JVi x JV£). (2.12) 

So, by formula (|2 . 1 2[) . the convolution product of distribution is commutative 
and associative. 

We denote by >C(J r e 1 (JV{), (AT^)) the space of continuous linear operators 
from J r e 1 (A / '{) into (A 7 ^) endowed with the bounded convergence topology. 

A convolution operator on the test space T^q 1 q 2 )(N' 1 x A^) is defined as a 
continuous linear operator from T(q 1 q 2 }(N' 1 x A^) into itself which commutes 
with translation operators. Then, T is a convolution operator on T^g li g 2 ){N[ x 
N2) if and only if there exists a distribution $t € g 2 \(N{ x A^) such that 

T{tp) = T 9 (<p) = $ T * </? € ^.floCJVf x Ar 2 ). 

Note that the convolution product of two distributions ^1,^2 G J r ^ i S ^(N[ x 
A^) is also given by 

((*i*¥ a ,¥>» = «*i,¥ a *<p», tp G F(e lt e 3 )(N[ x JVJ). 

It follows that the notion of convolution operator T$ can be extended to the 
distribution space F* Sl e 2 )(N[ X A^) as follows: T is a convolution operator on 
T* di d2) {N[ x N!}) if and only if there exist $ T G Ft S AN[ x A^) such that 

T(tf) = T*(tt) = $ T * *, * G F{ euea) {Nl x AT 2 ). 

We remark that this extension of convolution operator T coincide with the 
adjoint of T$ denoted T|. In fact, for all * G T* 8i g 2) (N[ x AT£) and y> G 

= ((*, $ * p)) 
= «T»* l¥ »)). 

Let z = 1,2. Recall now the notion of the right contraction of order k G N: 
For n, m G N — {0} and < k < m A n, we denote by ( ., -)i t (k) the bilinear 
map from N'® m x Nf " into jv;®™- fe §Af de fined by 

:= (a;,y)^®( m - fc ) ® y^ n - fc ), z G A^y g iV,-. 

The bilinear map ( ., .)*,(*) is continuous. Then using the density of the vector 

space generated by {x® m , x G N^} in N-® m and the vector space generated 

by {y® n , y € N,} in Nf n , we can extend (., .) (>(Jt) to A^® m x ATf™. For all 

<!>„ G A^'®" 1 and </j„ G AH 8 ™, (<J> n > ¥>n)i,(fc) is called the right contraction of $„ 
and (/9„ of order fc. 
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It follows that for (^ 1)¥ > 2 ) g Nf {n+l) x N® {m+j) and (^1,^2) € iVf ( " +fe) x 
jy®(m+i) ^ we define the following generalized contraction as follows: 

(<P! <8> ^2,^1 ® ^2)n,m = (^1 . ^l) l,(n) (<^2 , ^2)2,(771) • 

So, for i = 1,2, g (JV')®Cw+".0 w g JVf (w+ni) and ^ g N f (m ^\ it 
holds: 

(($1 (g) $2, ¥>1 ® <P2) Pl ,p3,1pl ® ^2) = <*1 <S> $2, (</>l <S> ^2,^1 ® ^2>tn,n a )- 

By an easy calculation like in [3j , we obtain the following lemma. 

Lemma 2.2 For all test function <p — (^ n ,m)n,meN G ■F(9i,82)(N' 1 x A 77 ,) and 
generalized function $ = ($ n ,m)n,meN G -T 7 *^ g 2 )(N{ x ^2); we /ifl^e 

= E (n fc. fe)!(m /t 0! E *«,™.^M*J>«.mV (2-13) 

/or all (x,y) e N[ x N^- 

3 Generalized Gross Laplacian 

Let F g C 2 (N). Then for each £ g N there exist F'(£) g N' and F"(£) G 
(N ® A 7 ")' such that 

+ »7) = + (**(£)> >7> + i^'CO,*/® »») + o(|r?!p), V G iV, (3.1) 

for some p g N. Moreover, both maps £ h-> g N' and £ >-> F"(£) g (iV <g> 

A")' are continuous. For notation simplicity, taking into account the canonical 
isomorphism (N eg) AQ' ~ C(N,N'), which follows from the kernel theorem for 
a nuclear space, we write (F"(£), r\ ® rf) = (F"(£)7],rj) = F" (£)(?], 77). 
Let t be the trace operator defined on iV® by the formula 

(t,£®t?) = (?,r/),Ve,r/e AT. (3.2) 

Using the definition of the Gross Laplacian given in [6], the authors 
studied in [3J, the action of Aq on Tg{N'). Then, they prove that Aq is in fact 
a convolution operator i. e., for all ip £ Tg{N'), we have 

Ag<p(x) := traceHD 2 ip(x) 

= ^(n + 2)(n+l)(x®",(r,^ l+ 2)) (3.3) 

= T*<p(x), x g A 77 , (3.4) 
where the Taylor expansion of the distribution T is given by 
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Then in the paper [1] , the authors extended the action of the Gross Laplacian 
on the test function space given in l|3.4p to the distribution space as follows 

A G $ =T*$, $ € ^g(N'). (3.6) 

In this section, we define first the action of the Gross Laplacian on the test 
function space of two infinite dimensional variables T(g 1 ^ 2 - ) (N[ x A^). 

For i = 1, 2, let {ejjjgN be a complete orthonormal basis of (-/V,)o such that 
dj G iVj. In all the remainder of this part, we denote by n the trace operator 
on Nf 2 defined in (13.21) . 

Lemma 3.1 \12§ For all i = 1, 2 and Wi G Aff 2 , it holds that 

(T i ,W l ) l = ^(«)® 2 ,Wi)i. 

nGN 

We recall that all function in two variables (£i, £ 2 ) G N\ x N2 is identified in an 
obvious manner with a single- variable function on the direct sum N — N\ (B N2 , 
which is again a countably Hilbert nuclear space. Then, for F G C 2 (A^), (|3.ip 
is written, for some p, g £ N, in the following form: 
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+ o(l»hlp + l'tel2), (3-7) 

where ^(£1,6) € W/, G C(Ni,N$) for i, j = 1,2 and the error term 

satisfies 

hm ^ 2 — = 0. 

t^o t 2 

For i = 1,2, identifying (A^o with a subspace of H — (Ni) © (A^ 2 )o in the 
canonical manner, we write e x n and e 2 for ©0 and 0© e 2 , respectively, for all 
n G N. 

Theorem 3.2 For an?/ test function p(x, y) = (x®" ® ^ m ,m) in 

n,mEN 

J r (e 1 ,e,)(AT{ x A^), the Gross Laplacian is given by: 
A G (p(x,y) := trace H D 2 ip(x,y) 

= (^"®y® m J ((n + 2)(n+l)r 1 ,^ n+2 , ro )) 

n,m£N 

+ ^ {x®" ®y® m ,((m + 2)(m + l)r 2 ,^ m+2 )>. (3.8) 

Moreover, the Gross Laplacian Aq is a convolution operator on ^ r (6»i,6» 2 ) (-^1 x -^2) 
into itself, i. e., there exists a distribution T = {%i,m) n meN such that 

A G (<p) =T * tp, if G r {eu e 2 ){,N[ x A^), (3.9) 
where the Taylor expansion of the distribution T is given by 

Ti, n — 2, m = 0, 

r 2 ,n = 0, m = 2, (3.10) 
0, otherwise. 
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Proof. Let ip(xi,x 2 ) — E (xf n ®xf m , tp n ,m) be a test function in F{6 l ,e 2 ){Ni x 

n,m£N 

N2). So, for all (xtfXs), (2/1,2/2) € iV{ x iVj, the Taylor expansion of the function 
¥>(xi +Vi,x 2 + 2/2) is given by 

<f(x 1 +y ll x 2 +y 2 ) = E (C^i +2/1)®" ® (£2+2/2)®" 

= e ( n t* ) ( m / j ) (^^r.^®^*^) 

= ^(xi,a:2)+ E ( X ? ^2 > (2/1, ( n + l)V?n+l,m)l,0 + (2/2, ("I + l)<Pn,m+l)o,l) 
n,m£N 

+ E E ( n tM( m ^0 <x?n ®* fm ' (y ^ 

i,j=l n.rneN ^ J \ ■> J 

(3.11) 

where for each (xi,x 2 ) e iV{ x N 2 , e is given by 

£(2/1,2/2) - e ( n Y ) ( m j +j ) ( x f ®^r > <yf i ®^ i ^n +i>m+J -)i,i)- 

It is easy to see that the function e satisfy 

Um £W^ilM = 0. 

Identifying the equality l|3.1ip to the development (|3.7p . the second derivative 
of ip at (xi,X2) in the direction (2/1,2/2) £ H is given by 

DVOn.afc) = £ X! ( n Y) { m V ) (xf^f m ,(vf i ^yf j ,'fn + i, m+j k j ). 

i,j=l n,m£N ^ 

Using Lemma l3TT| we have for all (x, y) <G 7V{ x iVj: 



trace H D 2 ip{x,y) = ^ (Z? 2 ^, 2/)(e- , e 2 ), e, 1 
= ]T (a:®" €5 2/®"\ (n + 2)(n + l)((el)® 2 , ¥>„+a,m>a,o + (m + 2)(m + l)((e 2 )® 2 , ^+2)0,2) 
= ( x ® n ® 2/® m ; + 2)(n + 1)ti, v„ +2 ,rn)2,o + (m + 2)(m + 1)t 2 , ^^+2)0,2)) ■ 

n,m£N 

(3.12) 

In the other hand, using Lemma l2?2l for the distribution T € ^ 7 Te 1 e 2 )(^i x ^2) 
where the Taylor expansion is given in (|3.10p and the equality (|3 . 1 2[) , we obtain 



T * <p(x, 2/) = E ( XCS ™ ® ^ ' ^' 72 ' ' ^™+2,™)2,0 + T ,2, fn, m +2)oa) 

= (z®"®2/®"\(((™ + 2)(n+l)r 1 

i ^71+2,771)2,0 + ( m + 2)(m + 1)t2), ^,771+2)0,2) 



&G(p(x,y), {x,y) G iV{ x JV2, <f> S F^mW x ^2)- 
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Since the Gross Laplacian A G is a convolution operator then 
A G e C{T {9lfi2) {N[ x K),F {9lfi2) {N[ x N> 2 )). 



Remark 3.1 Let ip € J r (e 1 .e 2 ) (N{ X N%). Then, the Taylor expansion $3.8)) of 
A G) can be written as follows 

A G tp = A G y + A G y, (3.13) 

where for i = 1,2, A l G ip is the Gross Laplacian with respect to the variable 
£i € N[ given by 

A G ip{x 1 ,x 2 )= (xf '»xf m ,((n + 2){n + l)T 1 ,ip n+2 , m }) 

n,meN 

respectively, 

A%(p(x u x 2 )= ( x f n ®xf m ,((m + 2)(m + l)n,(p n;m+2 )). 

n,m£N 

Using the previous remark, it is easy to prove the following result. 

Proposition 3.3 For ip = f® g G T 6l { N i) ® FeAK) C T { g u g 2) (N[ x iV 2 ), we 
obtain 

A G <p = A G (f ®g) = A G (f) ®g + f® A G (g). 

Therefore, on the subspace J r g 1 (N[) ® Tg^N^) of J r (g 1 ^g 2 )(N[ x N 2 ), the Gross 
Laplacian A G is given by 

A G = (A G )|^ 9i(A r/) ®h +h ® (A G )|^ 9a(JV /), 

where for i = 1,2, (A G )\jr g , N n (respectively Ii) is the classical Gross Laplacian 
(respectively the identity operator) acting on Tg^N^). 

Then, we obtain the following corollary: 

Corollary 3.4 For all (£1,^2) £ Ni x N 2 , we have 

A G(e (6 , ?2) ) = A G (e ?1 <g>e ?2 ) = ((6,6)1 + (6, &> 2 )e( £ljCa ) . (3.14) 

Proof. To prove the corollary, it is sufficient to see that for i = 1, 2, we have: 

(A G )|^ (JVi0 (e 5l )(a; l ) = ]T (xf n , (n, £f" +2 > 2 ) 

for all & G and x, 6 JV[ □ 

For i = 1,2, we assume that the Young function 0j satisfies the following 
condition: 

hmsup^^ < +00, (3.15) 
9 



we obtain the following Gel'fand triple (see [5]) 

T 6i (NQ -> L 2 (X>, 7i ) -> ^ (TV/), (3.16) 

^( 9l , fla )(^ x ^2) - £ 2 (*i x ^,71 ® 72) - J? 9ll9a )(^ x J\£), (3.17) 
where 7^ is the Gaussian measure on the real Frechet nuclear space X[ whose 
complexification is Ni defined via the Bochner-Minlos theorem [7] by its char- 
acteristic function: 

f e i(*&Udry(x) =e-*l e «lo,fi € X t . (3.18) 

Using the Gel'fand triplet (|3. 1T|) and the fact that the Gross Laplacian is 
a convolution product, we extend the Gross Laplacian on T* Si g 2 ^(N[ x A^) as 
follows: 

Definition 3.1 The generalized Gross Laplacian acting on the distributions 
space J 7 T Si g 2 - ) (N[ xJVj) is defined by 

A G (*) = T* * G ^ fllftl) (JVf x (3.19) 

Proposition 3.5 The Gross Laplacian Aq on T* 0i g 2 \(N[ x A^) coincide with 
the adjoint of the Gross Laplacian Ag on the test functions space J r /g x g a \(N[ x 

Proof. For any $ G ^lg u eA N i x ^2) and V € F(e u 9 2 )(N{ x A^), we have 

((Ag$, ip)} = «T*$,^)) 

= [(T*$) *^](Q) = [$* (T*</?)](0) 

= (($,r*^) = (($,A G (^))) 

= «A G ($),^». 

4 Quantum Gross Laplacian 

From the nuclearity of the space J-g 1 (N[), we have by Schwartz-Grothendieck 
Kernel Theorem the following isomorphisms 

C{T 6l (N{),F* e2 W)) ~ T* Bl {N[)®T; 2 {N' 2 ) ~ J^ ii9a) (Af{ x A^). (4.1) 

So, for every 5 G A^i^O,-^^)). the associated kernel 5 K G ^ s 9j) (JV{x 
A/j) is defined by 

«S^)) = «S*,^® V», G T { g u g 2) {N[ x JV^). (4.2) 

In the sequel, we will identify every operator 3 with its kernel 3 . 

For every 3 G C(J r e 1 (N[), T* e (A^)), the symbol is defined in the usual man- 
ner (see PtHSj) bv 

a(3)(^,6) = «Sefo,efc» - fS^e,^,! = L(S*)&,6) (4.3) 

where & G ATi, £2 G #2- Then, every operator in C{T Sl (N{ ), ^ (A^)) is 
uniquely determined by its symbol since the exponential vectors e% x ® e^ 2 span a 
dense subspace of ^F(9 1 ,$ 2 )(N[ x A^)- As direct application of Theorem l2.1l and 
the identification (|4.2|l by the kernel theorem, we obtain the following charac- 
terization of operators: 
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Theorem 4.1 J3§ The symbol map 3 i— > er(3) is a topological isomorphism: 

C(^ ei (K)^eM)) - S(fl!.9S)(JVix^2)- 

Let Si, S 2 € C(J 7 g(N'),J 7 g(N')), we define the convolution product of Si 
and S2 denoted by Si * S2 by 

er(Si * S 2 ) = ct(Si)ct(S 2 ). (4.4) 

Using the topological isomorphisms: 

CifeAK^^M)) ^e 2 )W x N$ (4.5) 

defined in l|4.ip and the extended Gross Lapalcian given in p,19p , we can define 
the quantum Gross Laplacian as follows. 

Definition 4.1 The quantum Gross Laplacian Ag is defined by: 

A§(3) = T*S*, S g C^m^M)), (4-6) 
where T is defined by $3.10)) . 

Proposition 4.2 For all S G C(J r g 1 (N{), Pg^N^)), the quantum Gross Lapla- 
cian has the following analytic characterization: 

<7(Ag(s))(d,&) - ((6,6)1 + (6,6) 2 MS)(6,6), (6,6) e N x x jv 2 . (4.7) 

Proof. Using the property (|4.4p of the symbol of the convolution product of 
two operators and the definition (|4.3p . we have 

<r(Ag(S)) = L(£ * 3*) = L(T)L(3*) = L(7>(3), 5 G C{T Bl {K)^M)). 

In the other hand, using the Taylor expansion of T, we obtain for all (6,6) € 
N[ x iV 2 

£(T)(6,6) = (r 2 ,o,6 82 )i + (^o,2,6 02 )2 

= (6,6)1 + (6,6)2. 

This proves the proposition. 

5 Relation between classical and quantum Gross 
Laplacian 

In this section, we consider the particular case where Q\ = # 2 = and N — 
N\ = N2. For simplicity, we use the same notation for the Gross Laplacian 
acting on J-g(N') and on J r (g lj g 2 \(N[ x N' 2 ). It is well known (see [5]), that the 
pointwise multiplication yields a continuous bilinear map from Tg(N') x Tg(N') 
into Fe(N'), i. e., for all f,g G Fe(N'), we have fg G Tg(N'). Let $ G ^(AT') 
fixed and .A4$ G C{Tg{N') 1 Tg{N')) be the multiplication operator by $ defined 
by 

&M*f,g)) = ((*, /<?», /,<? e W). (5.1) 
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Let eo = (ljO, . . .) G J-'g(N') be the vacuum vector. Using the definition l|5.ip . 
we have the following connection between the multiplication operator and a 
distribution given by 

M<s>e Q = 

Therefore, we obtain the following relation between classical and quantum Gross 
Laplacian. 

Proposition 5.1 For any <& G !Fg(N'), we have: 

(Ag.M$) e - A G $. (5.2) 

Proof. Let <E> G J-g(N'). Using the definitions of the Laplace transform (|2.8p 
and the multiplication operator (|5.ip . we have 

a(M®)(£,ri) = ((M^e^er,)) 

= L(^ + V ),^r,eN. (5.3) 

In the other hand, the Laplace transform of the classical Gross Lapalcian is 
given by 

L(A G ($))(r?) = L(T * $)(??) = ( Vl V )$( V ), rj E N. 
By Proposition 14.21 and the equality i|5.3p . we obtain 

L(Ag(M*)(eo))(»?) = «Ag(M*)(e ), e7) » 

= ((AgM$,e (g) e„)) 

= a(A G (M*))(0,ry) 

= (77,7?)a(M # ))(0 )? 7) 

= L(A G (*))(77), 77 G TV. 
Using the fact that the Laplace transform is an isomorphism, we have 
AgTW^eo = A G <&, $ G J-g(N'). 

6 Solution of linear quantum stochastic differen- 
tial equations 

Let / C 1 be an interval containing the origin. Consider a family {$t; t G /} of 
distributions in T^ Si g 2 )(N[ x N%) i. e., the function 1 1— * $t is continuous from 
/ into JF^ i e 2 )(-^i x A^). So, by using the isomorphism between J 7 Tg i g^(N[ x 

N2) and Q(g* e *}(Ni x A^) via the Laplace transform, the function ( « $, 
is continuous from / into G(g* y g*) (N\ x A^). Then, for each t G I, the set 

{$ s ;s G [0,i]} is a compact subset of the generalized space G(g*,g*) {N\ x N2), 
This implies that it is bounded in G(g^g*)(Ni x A^). Hence, there exist constants 
p,geN, 01,02 > and C t > such that 

|*t (£,»/) I < C t e e i (ai| « l " )+ ^ (a2| ' )l '' ) |, (£,??) G A^i x A^ 2 . 
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By consequence, the function (£,rf) ^ J Q & s (t;,r])ds and belongs to the space 
G(eifi*)(Ni x N2). This way we can define the integral E t = f Q $> s (£,rf)ds as 
the unique element of g 2 )(N[ X A/^) satisfying 

Moreover, for t £ I, the process E t is differentiable in !Fg(N' x N')* and satisfies 
the equation 

dE t 

= <frt. 

dt 

Proposition 6.1 For every distribution $ <E J 7 ?g i g 2 )(N[ x AT^), i/ie functional 
e** is defined by 

e** = e $ (6.1) 
fee/on^ to^i^^s^^xJVa). 

Proof. The proof is similar to the one of Theorem 1 established in the paper 

®- □ 

Consider the following initial value problem: 

fl=?(i)*5(t) + 9(t) , , 

B(0) = S , (6 ' 2J 

where 1 1— > and i 1— > 0(i) are continuous map defined on an interval I into 
C(r 01 (Ni),J%W)) and S G ^(^.^(J^)). 

Theorem 6.2 TTie stochastic quantum differential equation f6.2\) has a unique 
solution in C{J-^ e eiy{N' 1 ),T*^ ej\*(A^)) piwen by 

S(t) - S * e* /o + /"* e *(/.' * 6f da. (6.3) 



Proof. Applying the symbol map to the differential equation (|6.2p . we obtain 
an ordinary differential equation given by 

( <M|W = a{Z ){ t )a{E){t) + a{Q){t) , fi 4l 

1 ^(S)(0) = a(E ) G ^ M (N{ x [bA) 

whose solution is given by 

<r(H)(t) = <7(S )e/o + /' e /s <^)(") d V(e)(s)ds. 



Moreover, by Proposition l6.il a(S)(t) is an element of .F?, e »y , e ,yJN{ x^), 



for all t G I. Using the property l|4.4p . the solution of the linear quantum 
stochastic differential equation is given by 

S(i) = S * e*io' z ^ ds + /' e *(/.' z (") rf ") * 9 s ds. 



Now, by Theorem 14. H we obtain that 

^{t) e C{T {en y{N[),T^, y {N^)), 

for all t G J. 
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6.1 Solution of quantum Gross heat equation 

In this section, we consider two Young functions 6\ and 02, satisfying 

lim — hr- < oo, % = 1,2. 

X^-OQ X 

Theorem 6.3 The quantum Gross heat equation 

^ = ±AgH(t) + e(i) 

3(0) - S , 

has a unique solution in L{J-^ c eiy(N' 1 ),J : *^ t>*\*(N 2 )) given by 

S(i) = S * e*5 r + / e*^ T *®{s)ds. (6.6) 



(6.5) 



Proof. For all t € I, let Z(t) = T, where T is the distribution given by (|3. 10|1 . 
Then, the equation (|6.9p becomes the quantum Gross heat equation given by 



^ = \T * 3(t) + 0(t) = ±A§H(i) + 0(t) , , 

3(0)= So- " 1 J 



Therefore, we apply Theorem 16.21 to get the unique solution in equation l|6.9[l . 
We can further rewrite this solution in another way. For t > 0, we define 
7f = 7* <8> 7a (•) = 7i ® 72 (-/v^), where 7 = 71 ® 72 is the standard Gaussian 
measure on the space X' defined in (|3.18p . It follows that the solution l|6.9p can 

be expressed as 

S(t) = S * 7 f + / 7i_ s * Q(s)ds, 
Jo 

where 7 is a positive distribution in J~* Sl g 2 \(N{ x N%) given by 

((lt,<p))= <p(xi,X2)drft(xi, x 2 ) = I f(Vtxi ) Vtx2)dyi(xi)drf2(x2), 

Jx[xX 2 JX[xX 2 

where pe%, fe) (]V; x Nfi. □ 
It is easy to see from the definitions of the kernel operator i|4.2p and the convo- 
lution product of the operators l|4.4p . that for all Si, 3a G C(J r e 1 (N[),J r g (N^)), 
we have 

■^1 * "2 — ^1 * "2 • 

Therefore combining Theorem 16.31 for the particular case where O = and the 
Gel'fand triplet l|3.17p . we obtain the following result: 

Corollary 6.4 Let So <E J 7 ^g 1 ^ 2 ^(N' 1 x iV^). Then, the quantum Gross heat 
equation 

-(0) - -0, 

has a unique solution whose kernel is given by 

3f(yi,y2)= / E {yi + Vtx 1 ,y 2 + Vix 2 )d'y 1 (x 1 )d'y2(x2)- (6.9) 
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